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Maximum Likelihood Estimates of Linear Dynamic Systems
H. E. RAUCH,* F. TUNG,* AND C. T. STRIEBEL*

Lockheed Missiles and Space Company, Polo Alto, Calif.

This paper considers the problem of estimating the states of linear dynamic systems in the
presence of additive Gaussian noise. Difference equations relating the estimates for the prob-
lems of filtering and smoothing are derived as well as a similar set of equations relating the
covariance of the errors. The derivation is based on the method of maximum likelihood and
depends primarily on the simple manipulation of the probability density functions. The
solutions are in a form easily mechanized on a digital computer. A numerical example is in-
cluded to show the advantage of smoothing in reducing the errors in estimation. In the Ap-
pendix the results for discrete systems are formally extended to continuous systems.

1. Introduction

THE pioneer work of Wiener1 on the problem of linear
smoothing, filtering and prediction has received consider-

able attention over the past few years in fields such as space
science, statistical communication theory, and many others
that often require the estimates of certain variables that are
not directly measurable. Many papers have appeared since
then giving different solutions to this problem. A summary
of these solutions can be found in a paper by Parzen2 who
gives a general treatment of the problem from the point of
view of reproducing kernel Hilbert Space. The most widely
used solution in practice in linear filtering and prediction is
probably the one derived by Kalman3 using the method of
projections. The primary advantage of Kalman's solution is
that the equations that specify the optimum filter are in the
form of difference equations, so that they can be mechanized
easily on the present-day digital computer. However, Kalman
does not consider the important problem of smoothing. (The
filtering and prediction solution allows one to estimate cur-
rent and future values of the variables of interest, whereas
the smoothing solution permits one to estimate past values.)
The purpose of this paper is to provide a solution of the
linear smoothing problem based on the principle of the maxi-
mum likelihood, and a derivation of the filtering problem
based on the same principle. It is shown that the equations
describing the smoothing solution also can be easily imple-
mented on a digital computer and a numerical example is pre-
sented to show the advantage of smoothing in reducing the
errors in estimation.

Solutions of the smoothing problem in different forms have
been obtained recently by Rauch4 for discrete systems and
by Bryson and Frazier5 for continuous systems. The elegant
proof and the tools used by Bryson and Frazier are based on
the calculus of variations and the method of maximum likeli-
hood. Our derivation differs from their work in that the
method used here depends primarily on the simple manipula-
tion of the probability density functions and hence leads
immediately to recursion equations. Our results are also
different. The derivation leads directly to a smoothing
solution that uses processed data instead of the original
measurements.

An early version of this paper was published as a company
report.6 During the period in which the paper was being
revised for publication, Cox7 had also presented some similar
results using a slightly different approach.

2. Statement of the Problem
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2.1 Dynamic System

a) Given f :

xk+i = &k

yk =

1, k)xk (2.1)

(2.2)
where

Xk = state vector (n X 1)
yk = output vector (r X 1), r ^ n
wk = Gaussian random disturbance (n X 1)
Vk = Gaussian random disturbance (r X 1)
3?(k + I , k) = transition matrix (n X n)
Mk = output matrix (r X n)

and Wk and Vk are independent Gaussian vectors with zero
mean and covariances

CQv(Wj, Wk) = Qk

COvfe, Vk) = Rk

COV(Wj, Vk) = 0

(2.3)

(2.4)

(2.5)

where djk is the Kronecker delta, and we assume that Rk is
positive definite.

b) Initial condition x0 is a Gaussian vector with the a
priori information

E(x0) =

cov(z0) =
(2.6)

c) Observations: yQ) yl, . . . , yN (N = 0, 1, . . . ).
The problem is to find an estimate of Xk from the observa-

tions yQ) . . . j yN- Such an estimate will be denoted by
Xk/N = Xk/N (yo, . . • , UN). It is commonly called the problem
of 1) filtering if k = N, 2) prediction with filtering if k ^ Nt
and 3) smoothing if k ^ N.

2.2. Estimation Criteria

Three possible estimation criteria will be presented in this
section. For the linear Gaussian case defined in Sec. 2.1
these three criteria result in the same estimate. The dis-
tinction is made here in order to see how this problem can be
extended to the nonlinear case and how it compares with
other work in this field.

The standard procedure is to specify a loss function

XK, XK/N) (2.7)

t If the original problem is described by nonlinear equations,
the linear system can be obtained from equations governing
small deviations from a reference path.
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and then to find the functions xk/N for k = 0, . . . , K which
minimize the expected loss. In order to do this, the dis-
tribution of interest is the joint distribution of XQ, . . . , XK
conditioned on y0, . . . , ? / # :

If the loss function (2.7) is zero near Xk = xk/N for k = 0,
. . . , K and very large otherwise, the optimum estimating
procedure is the maximum likelihood, and the estimate will
be called the joint maximum likelihood estimate. It is ob-
tained by solving the simultaneous equations

(2.8)
k = Q, . . . ,K

If the loss function (2.7) has the special form
K

or equivalently, if K + 1 distinct estimation problems with
losses lk(xRj Xk/N) are considered, the distribution of interest
is the marginal distribution of xk conditioned on yQ) . . . , y^

p(xk/yQ} . . . , yN)
The distribution can be obtained from (2.7) by integrating
out the variables Xj for j ^ k. If lk(xk, xk/N) is zero near
Xk = Xk/N and very large otherwise, the optimum estimate is
the marginal maximum likelihood estimate obtained as a
solution to the single equation

(<b/bxk)p(xk/yoj . . . , y^ = 0 (2.9)
The marginal maximum likelihood estimate (MLE) is the
estimate that will be derived in this paper. The estimate
used by Bryson and Frazier4 is the joint maximum likelihood
estimate; so that, although the estimates they obtain in the
linear case are the same as the MLE to be derived here, it
should be expected that in the nonlinear cases they would not
necessarily agree.

Another estimation criterion that is often appropriate is
the conditional mean given by xk/N = f xkp(xk/y0, . . . , yN)-
dxk. The conditional mean has the advantage that it is the
same for the joint and marginal distributions, and that it
minimizes a large class of loss functions.

3. Solutions

3.1. Filtering and Prediction

We shall first consider the case of estimating xk given all
the data up to tk, i.e., yQ) . . . , yk. The estimate will be de-
noted Xkfk, whereas the data yQ, . . . ,yk will be denoted by Yk.
From the discussion in the previous section, we know that
Xkik is the solution of xk which maximizes the conditional
probability density function p(xk/Yk). This is the same as
maximizing the log of the density given by

L(xk, Yk) = logp(xk/Yk) = logp(xk, Yk) - (3.1)

Using the concept of conditional probabilities and the fact
that the vk are independent random vectors, we see

p(xkj Yk) = 1 p ( y k / x k , Yk-i)p(xk,
= p(yk/xk) p(xk/Yk_l) (3.2)

Let Xk-i/k—i and xk/k~i be the estimates of xk-\ and xk given
Yk-i, respectively, and let Xk-iik-i and xkik-\ be the errors in
these estimates. Define

•i/jt-i
and

Q0v(xk/k-i) =

(3.3)

(3.4)

Since all the random disturbances vk are statistically inde-
pendent, it follows that

Xk/k-i = &(k, k — l)xk-i/k—i (3.5)
and

This is, in fact, the solution of the prediction problem. Using
(2.1-2.4) and the assumption that the random disturbances
are normally distributed, we see that the conditional random
vector Xk given Yk-i has a mean

, k - l)Pk_l/k_^'(k, k - 1) + Qk-i (3.6)

E(xk/Yk-i} =
and a covariance

(3.7)

(3.8)

(3.9)
whereas the conditional vector yk given xk has a mean

E(yk/xk) = Mkxk

and a covariance
cov(yk/xk) = Rk (3.10)

Substituting (3.7) to (3.10) into (3.2) and using the fact that
all the vectors are normally distributed, we fmdj
p(xk, Yk) = (27r)-^'2(det^)-1/2 X
exp(-l/2\\yk - x

exp(-l/2| xk - i) (3.11)
Substitution of (3.11) into (3.1) shows that the terms in L
which depend on xk can be written as

= yk Xk —

(3.12)
Setting the gradient of J to zero, we find
xklk = (Mk'Rk~lMk + Pk/k-rl)(Mk'Rk~lyk +

Pk/k-r^uk-i) (3.13)
which is essentially the solution of the filtering problem.
Equation (3.13) may be put into a more convenient form
by using a well-known matrix inversion lemma .§ This
lemma, for instance, has beeen used by Ho8 to show the rela-
tions between the stochastic approximation method and the
optimal filter theory.

Lemma: If Sk+rl = Sk~l + MkRk~lMk where Sk and
Rk are symmetric and positive definite, then Sk+i exists and
is given by Sk+1 = Sk - SkMk'(MkSkMk' + Rk)~lMkSk.
The proof is by direct substitution. By making use of this
lemma, it is seen that (3.13) also can be written as

k-i + Bk(yk — MkXkfk~i)
k, k —

Bk[yk -
where

Bk =

(3.14)

(3.15)
Remark: The computation of xk/k by way of (3.13) re-

quires the inversion of a n X n matrix (Mk'Rk~lMk +
Pk/k-i~l) whereas Eqs. (3.14) and (3.15) require only the in-
version of the matrix (MkPkik-iMk + Rk) which is r X r
(r ^ n). Hence, the representation given by (3.14) and
(3.15) appears to be more desirable for the purpose of compu-
tation.

Substituting (2.1) and (2.2) into (3.14) shows that the
estimation error satisfies the recursive equation

Xkik = (I — BkMk)[$(k, k — l)xk-itk-i + wk-i] — BkVk
(3.16)

I \\a\\2
R = a'Ra.

§ The authors wish to acknowledge Y. C. Ho of Harvard for
pointing out this identity.
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where / is the identity matrix. Since xk-i/k-i, Vk, and Wk-i are
statistically independent, it follows that

Pk/k = C0y(xk/k) = (I - BkMk)Pk/k-i (3.17)
where use is made of (3.15). Equations (3.14-3.17) are
the same as those derived originally by Kalman.2 To start
the recursive equation, we need £0/-i and PO/-I. From the
a priori information about XQ, we see

(3.18)
and

XQ/-I =

PQ/—I — PO (3.19)
This completes the solution of the filtering problem. The
solution of the prediction problem has already been obtained.
For any N ^ k,

xN/k = , k)xk/k (3.20)

3.2 Smoothing

From the principle of the MLE, we know that the estimate
of Xk given YN, denoted by Xk/N, is that value of xk which
maximizes the function

L(xk, YN) = logp(xk/YN) (3.21)
Similarly, xk/N and xk+i/N are the values of xk and xk+i which
maximize

L(xk, xk+1, YN) = logp(xk, xk+1/YN) (3.22)
Let us now inspect the joint probability density function
p(xk, Xk+i, YN)- Using the concept of conditional probabili-
ties, we see
p(xk, Xk+i, YN) = p(xk, Xk+i, yk+i, • . . , yN/Yk)p(Yk) (3.23)
Now

p(xk, Xk+i, yk+i, . . . , yN/Yk)
= p(xk+i, yk+i, . . . , yN/Xk, Yk) p(xk/Yk)
= p(xk+i, yk+i, . . . , yN/Xk) p(xk/Yk)^
= P(yk+i, • • • , yN/xk+i, xk) p(xk+i/xk) p(xk/Yk)
= p(yk+i, . . . , yN/xk+i) p(xk+i/xk) p(xk/Yk) (3.24)

Substituting (3.24) into (3.23) shows that
p(xk, xk+i, YN) = p(xk+i/Xk) p(xk/Yk) p(yk+i, . . . , yN/Xk+i)

-p(Yk) (3.25)
Let us assume that xkik has already been obtained. Substi-
tuting (3.25) into (3.22) and using the same reasoning as that
given in the previous section, we see

max E(xk, xk+i, YN) =

{-\\xk+i - $(max
xk, xk +

l,k)xk\\*Qk-i -

| \Xk — Xk/k\\zpkik~1} + terms which do not involve xk (3.26)
It follows immediately that xk/N is the solution that minimizes
the expression

/ = \\xk+i/N — $(k + 1, k)xk\\zQk-i + \\Xk — Xkik\\zpk(k-i
(3.27)

Setting the gradient of J to zero and using the matrix inversion
lemma, we find

xk/N = Xk/k + Ck[xk+i/N -
where

Ck = Pk/&'(k + 1, k) X
[Q(k + I,' k)Pk/k$>'(k

= Pk/k3>'(k + 1, k)Pk+l,k-1

1, k)xk/k] (3.28)

(3.29)

^ This is because Xk+i, yk+i, . •'. , VN given xk is independent of
2/i, i ^ k, and p(a/bc) = p(a/b) if a/6 is independent of c.

This is the solution of the smoothing problem. It is in the
form of a backward recursive equation that relates the MLE
of xk given YN in terms of the MLE of xk+1 given YN and the
MLE of Xk given Yk. Hence, the smoothing can be obtained
from the filtering solution by computing backwards using
(3.29).

Subtracting xk from both sides of (3.28) and rearranging
the terms, we find

Xk/N + CkXk+i/N = xk/k + Ck &(k + 1, k)xk/k' (3.30)
Using the facts that

E(£klNxk+i/N
f) = E(xk/kxk/k

r) = 0**

KOV(Xk+UN) = C0v(£&+l) — Pk+l/N

COv(Xk/k) = COV(xk) — Pklk

and

Gov(xk+i) = &(k + 1, k) cov(xk) &(k + l , k ) + Qh

we see from (3.30) that Pk/N satisfies the recursive equation

Pk/N ~ Pl'lk ~\~ Ck(Pk+lfN — Pk+l/k)Ckf (3.31)

The computation is initiated by specifying PN/N. This essen-
tially completes the solution for the smoothing problem. It
should be noted that the estimates xk/k (k ^ N) are assumed
to have been obtained in the process of computing X^IN and
hence can be made available by storing them in the memory.
The co variance Pk/k also may be stored. However, it can be
easily computed. We will now give a formula for computing
Pk/k from Pk+ijk+i and hence eliminate the storage problem

(3,32)Pklk-i = (Pm

Substituting (3.15) into (3.17) shows

~l -
which can be written as

Pkik-i = Pm - Pk/kMk'(MkPk/kMk' - Rk)~lMkPklk (3.33)
after applying the matrix inversion lemma. From Pk/k-i,
Pk-i/k-i can be computed by using (3.6) which can be written
as

Pk-uk-i = Q-^k - 1, k)(Pk/k-i - Qk-i^-^k - 1, k)
(3.34)

The terminal condition for (3.33) is again PN/N- It is of
interest to note from (3.33) that the computation for Pkik re-
quires only the inversion of a r X r matrix.

Remark :
1) Another formulation of the smoothing problem which

relates xk/N to xk+i/N and all the data y3-(j > k + 1) and hence
requires the storage of the data can be obtained by no ting-
that Xi/N(i = 0, 1, . . . , AT") is the solution which maximizes
the function

, YN) = (3.35)L(xQ, Xi, . .

Now

P(XQ, « i , . . . , XN, YN) =
p(YN/x0, Xi,

= p(YN/x0, Xi, . . . , XN) P(XN/XN-I)
p(xN-l/XN-2) • • • P(XI/XQ) P(XQ) (3.36)

where use is made of the fact that x is a Markov process,

p(xk/Xk-ij . . . , XQ) = p(xk/xk-i) (3.37)

Substituting (3.36) into (3.35) shows that maximizing L is

* * This can be verified after somewhat lengthy manipulation of
Eqs. (3.16) and (3.30) using the properties of £kik and &k(N-
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CASE 1

q = 0.63x10-2

1 0 0 0
0 1 0 0
0 0 1 0

\0 0 0

q = 0.63x10~4

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1x10'4,

FILTERED ESTIMATE Pk/k

10 15 20
OBSERVATION POINT (k)

25

Fig. 1 Variance history for two levels of random disturb-
ances (g).

equivalent to

mn / N

with the initial condition

$(0, -l)s_i =

and

(3.38)

(3.39)

5o (3.40),

This is the equivalent discrete formulation of the continuous
smoothing problem recently given by Bryson and Frazier.5
The scalar version of (3.38) may also be found in a book by
Bellman.9

To show-the equivalence of our solution with the results of
Bryson and Frazier and to obtain the solution of (3.38) in
terms of the observations yk, we define a new variable

wk = Pk

It follows that

wN = 0

+ 1, k)xk/k] (3.41)

(3.42)

Substituting (3.41) into (3.28) and using (3.14, 3.17, and
3.32), we obtain, after many algebraic manipulation, a set
of 2n difference equations

wk = &, k l)Mk'Rk~lMk xk/N +
, k + lM_i - $'(&, k (3.43)

Notice that if XNIN is given, then the set of equations given
by (3.43) may be computed backwards from the index N.
Otherwise, it involves the solution of a two point boundary
value problem.

2) It has been shown10 that by simple manipulations of
the results derived in this paper, namely Eqs. (3.28) and
(3.31), the smoothing solution can be written in still another
form that directly relates the smoothed estimate at a particu-
lar time to the new observations as they are received. This
form is preferable for the class of problems where one is only
interested in the smoothing solution for the state at a particu-
lar time.

3) The problem of interpolation is concerned with estimat-
ing the state between measurement points. If it is desired
to estimate the state xk at a point where no measurement was
taken, the equations presented here for the smoothing solu-
tion can be used by assuming that a measurement is taken
at that point with covariance Rk very large and with Bk equal
to zero.

4. Numerical Example

Consider the dynamical system given by

xk+1 =
;

1 1 0.5. 0.5
O i l 1
0 0 1 0
0 0 0 0.606

yk = (1, 0, 0, G)xk + vk (4.1)

where xk is the ( 4 X 1 ) state vector composed of four state
variables (a;1, x2, x3, and z4), and yk is the (1 X 1) output
vector that is a noisy measurement of the state variable xl.
The disturbances wk and vk are independent Gaussian vectors
with zero mean and covariances

0 0 ON^r o o o o
0 0 0 0 ,

0 0 ql

cov(vk) = 1 (4.2)

The initial condition XQ is a Gaussian vector with a priori
information such that the covariance of x0 is given by P0.

The entire dynamic system can be considered as a linearized
version of the in-track motion of a satellite traveling in a
circular orbit. The satellite motion is affected by both
constant and stochastic drag.11 The state variables x1, x2,
and z3 can be considered as angular position, velocity, and
(constant) acceleration, respectively. The state variable
x4 is a stochastic component of acceleration generated by a
first-order Gauss-Markov process.

Three cases will be considered:

Case 1:

Table 1

Observation
point (k)

0
1
2
3
4
5

10
15
20
25

Observation
point (k)

25
24
23
22
21
20
15
10
5
1
0

4 =

/I
Po = [°

\0

Diagonal

cov(xl)
1.00
0.69
0.80
0.82
0.79
0.75
0.58
0.50
0.48
0.47

0.63 X 10~2

0 0
1 0
0 1
0 0 1

elements

Filtered

cov(z2)

1.00
1.31
1.31
0.96
0.68
0.49
0.15
0.10
0.093
0.089

0 v •
0 \1

x io-v

of the covariance

estimate (Pktk)

COV(*3)

1.00
0.92
0.54
0.26
0.13
0.07
0.008
0.004
0.0026
0.0020

cov(*4)

0.0100
0.0100
0.0100
0.0100
0.0100
0.0100
0.00995
0.0099
0.0099
0.0099

Smoothed estimate (PMN)
cov(xi)

0.47
0.26
0.18
0.15
0.15
0.15
0.135
0.135
0.14
0.26
0.45

cov(z2)

0.089
0.058
0.036
0.023
0.017
0.015
0.014
0.014
0.015
0.053
0.082

cov(o;3)

0.0020
0.0020
0.0020
0.0020
0.0020
0.0020
0.0020
0.0020
0.0020
0.0020
0.0020

cov(z4)

0.0099
0.0096
0.0091
0.0085
0.0080
0.0078
0.0078
0.0078
0.0078
0.0089
0.0094
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Case 2:

q = 0.63 X 10-

Case 3:

0
0
0

,0 0 0 1 X 10-v

q = 0.63 X 10-2

In each case 25 measurements are taken starting with y{.
The diagonal elements of the covariance of the estimates of
the state for case 1 are presented in Table 1 for both the
filtered and smoothed estimate. Notice how smoothing the
estimate decreases the errors. In Fig. 1 the variance of the
filtered and smoothed estimates of the state variable xl are
plotted for both case 1 and case 2. Reducing the variance
of the random disturbance reduces the variance of the esti-
mates. In Fig. 2 the variance of the estimates of x1 are
plotted for both case 1 and case 3. Notice how the effect of
initial conditions (the a priori information about the state)
rapidly dies out.

5. Conclusions

The solution to the discrete version of the filtering and
smoothing problem has been derived using the principal of
maximum likelihood and simple manipulation of the prob-
ability density function. The filtered estimate is calculated
forward point by point as a linear combination of the previous
filtered estimate and the current observation. The smooth-
ing solution starts with the filtered estimate at the last point
and calculates backward point by point determining the
smoothed estimate as a linear combination of the filtered
estimate at that point and the smoothed estimate at the
previous point. A numerical example has been presented
to illustrate the advantage of smoothing in reducing the error
in the estimate.

Appendix: Extension to the Continuous Case

The MLE of the states with continuous observations can
be obtained formally from the MLE of the discrete system.
The difference equations in the previous section become
differential equations in the limit as the time between ob-
servations approaches zero. No rigorous proof of the limit-
ing process is attempted here. A discussion of the conditions
under which it is valid can be found elsewhere.3

Let us assume that the discrete indices k and k + 1 in all
the variables have been replaced by t and t + q, and let the
disturbances wk be replaced by qu(t). A Taylor series ex-
pansion in q is made of the transition matrix $(t + q, t) so
that Eqs. (2.1) and (2.2) can be written as

x(t + q) =

and

q, t)x(t) + qu(£)

y(t) = M(t)x(t) + v(t)

(Al)

(A2)

where 0(g2) represents the terms of the order of q2. The
covariances Qk and Rk are replaced by qQ(t) and R(t)/g,

CASE 1

q = 0.63 x ID'2

/I 0 0 0
p 0 1 0 0
0 0 0 1 0

\0 0 0 1x10-2,

CASE 3

q = 0.63x10-2

'100 0 0 0
0 100 0 0
0 0 100 0
0 0 0 IxlO"2

FILTERED ESTIMATE Pfc/k

10 15
OBSERVATION POINT ( k )

25

Fig. 2 Variance history for two sets of initial conditions

respectively, so that f t
cov[u(t)] = Q(t)/q (A3)

and
Gov[v(t)] = R(t)/q

In the limit as q approaches zero, we find that (Al) and
(A2) become

[dx(t)]/dt = F(t)x(t) + u(t) (A4)

and

y® = M(t)x(t) + v(f)

where u(t) and v(t) are white noises such that

cov[w(0, u(s)] = Q(t) 5(t - s)

cov[v(t),v(s)] = R(t) 5(t - s)

(A5)

(A6)

(A7)

d(t — s) being the Dirac delta function.
The same limiting process will now be applied to the solu-

tions of the MLE derived for the discrete system in the previ-
ous section. For the purpose of clarification, the following
notation will be used: xt(i) = estimate of x(t) using the
data over the interval (0, t), xT(t] = estimate of x(t) using
the data over the interval (0, T), Pt(t) = cov[x(t) — xt(t)]}

O = cov[x(t) - xT(t)}.

Filtering Solution

Applying the limiting process to Eqs. (3.14) and (3.15)
and the corresponding covariances given by (3.6) and (3.17),
we find that the filtering solution for the continuous case
can be written as

[dxt(t)]/dt = F(t)xt(t)
- M(f)xt(f)] (A8)

f t The replacement in (A3) keeps the statistical properties
of the random disturbances nearly the same as can be shown by
the following explanation. Divide the interval between k and
k _|_ i (which is of length Tk) into n equally spaced intervals with
an observation made at each interval. The time between ob-
servations is q = Tk/n. Assume, for the moment, that there
are no dynamics between k and k + 1. Because the errors in
the observations are Gaussian, the accuracy obtained from n
observations, each with covariance nRk, would be the same as the
accuracy obtained from one observation with covariance Rk.
Therefore, if v(t) is the noise on the observation at time t, cov[v(t)]
= nRk = RkTk/q = R(t)/q. Furthermore, the sum of n identi-
cally distributed independent Gaussian random inputs with
covariance Qk/n would have the same distribution as one
random input with covariance Qk. Therefore, if qu(t) is the
random input at time t, cov[u(t)] = q~2 Qk/n = q~l Qk/Tk =
QW/q-
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and

[dPt(t)]/dt = F(t)Pt(t] + Pt(t}F'(t] ~
Pt(t)M'(t)R~l(t) M(t)Pt(t) + Q(t) (A9)

with the initial conditions

*o(0) = XQ and P0(0) - Po (A 10)

Equations (A8) and (A9) are the same as those given by
Kalman.3

Smoothing Solution

In a similar manner, the continuous version of the MLE
for the smoothing problem given by Eqs. (3.28, 3.29, and
3.31) can be written as

[dxT(t)]/dt = F(t)xT(t) + Q(t)Pt-l(t)[xT(t) ~ xt(t)] (All)

and

[dPT(t)}/dt = [F(t] + Q(t)Prl(t}]PT(t} +
PT(t)[F(t) + Q(t)Prl(t)Y - Q(f) (A12)

with the terminal condition xT(T) and PT(T).
To show the equivalence of our solution with the results

of Bryson and Frazier, we define a new variable

It follows that

= Pt-l(t)[xT(t) - xt(t)] (A13)

co(!T) - 0 (A14)

Substituting (A13) into (All) and using (A8), (A7), as well
as (All), we obtain a set of 2n differential equations

(dxT(t)]/dt = F(t)xT(t)
[da(t)]/dt = M'(t)R-l(t)M(t)xT(t) -

(A15)

(A16)

which are precisely those derived by Bryson and Frazier.
Hence, we have given a physical interpretation of the La-
grange multipliers co(0 used in their derivation. Moreover,

it can be readily shown that

cov[£r(«), co(01 = Pi>-l(t)Pt(t) - I (A17)
and

cov[co(0] = Prl(t)PT(t}Prl(t) - Prl(t) (A18)
where

xT(t) = x(t) ~ xT(t)
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